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We propose and analyze a multi-photon state coherent transport protocol in a coupled-resonator 
quantum network. A multi-photon SWAP gate between two antipodes can be achieved with neither 
external modulation nor coupling strength engineering. Moreover, we extend this result to a coupled- 
resonator chain of arbitrary length with different coupling strengths. Effects of decoherence via 
quantum non-demolition interaction are studied with sources including vacuum quantum fluctuation 
and bath thermal excitations when the bath is in the thermal equilibrium state. These observations 
are helpful to understand the decoherence effects on quantum communication in quantum coupled- 
resonator systems. 
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Coherent transport of quantum information between 
two remote qubits is of central importance in quantum 
information processing (QIP). There have been many 
studies of connecting remote solid qubits and realizing 
transport in various systems, including flux qubits in 
superconductors UM, phonons in ion traps [3, Q and 
nuclear spins in nuclear magnetic resonance (NMR) [^. 
Because of negligible interaction between separated pho¬ 
tons, high-speed transmission with low dissipation in op¬ 
tical fibers and compatibility with class telecommunica¬ 
tion fiber technology, an optical quantum network has 
become one of the most promising candidates for scalable 
QIP in the past decades In this case, photon coher¬ 
ent transport is of both fundamental and practical im- 
ortance to perform communication between two nodes 
Knill et al. showed that an efficient quantum com¬ 
putation can be implemented with single-photon sources, 
single-photon detectors and linear optics alone how¬ 
ever, the complexity of required networks is daunting. 
Furthermore, the narrow spectral bandwidth in the con¬ 
ventional single-photon cavities with high Q factor will 
decrease the single-photon detection efficiency Q. For 
these reasons, most of alterative and feasible approaches 
have been proposed by encoding quantum information on 
multi-photon fields to overcome these limitations [iMl. 


Prior work on quantum communication in quan¬ 
tum networks has comm only f ocused on either spin 
or single-photon qubits 


M2 


while the study of 
coupled-resonator chains with continuous-variable quan¬ 
tum states has attracted much attention 23-27|, and 
the mapping of quantum states between photons and 
atoms has been implemented in experimental systems 
n-im, as a critical requirement for distributed quan¬ 
tum information. In this Letter we investigate the multi¬ 
photon state coherent transport between two antipodes 
in coupled-resonator quantum networks based on Carte¬ 
sian products of graph theory 2^, 321. A chain of two 


or three resonators can work as basic building blocks 
to build quantum coupled-resonator networks which are 
multiple Cartesian products of either of the two simple 
chains. This can achieve a perfect multi-photon SWAP 
gate after a period of time evolution on a hypercubic 
structure that is one of those commonly used in networks 
and a direct generalization of spin chains. The method 
swaps the arbitrary bosonic states of two antipodes res¬ 
onators under time evolution, which is determined by the 
natural dynamics and requires neither external modula¬ 
tion of Hamiltonian nor inter-resonator coupling strength 
engineering. Its essence is that a perfect SWAP opera¬ 
tion is allowable for a chain of either two or three res¬ 
onators. As a consequence, we extend this result to a 
coupled-resonator chain of arbitrary length and a mirror 
inversion of bosonic states with respect to its center is 
implemented. Also the optimal time over these coupled- 
resonators is independent of the distance between two 
remote nodes and the speedup of the perfect state trans¬ 
fer is possible. 

The interaction between a realistic quantum system 
and its surrounding environment is hardly avoidable. 
The proposed protocol with perfect quantum state trans¬ 
fer occurs in a closed system or an ideal condition without 
decoherence. Thus it is necessary to study the decoher¬ 
ence effects on such protocol. The decoherence is char¬ 
acterized by a pure dephasing model for an open system 
coupled to a bosonic bath via quantum non-demolition 
interaction [s^. We assume that the decoherence effects 
on each eigenmode of the network are identical and the 
decoherence occurs between the occupancy number bases 
in Fock space. After unitary evolution and in Heisenberg 
picture, a SWAP gate under decoherence is achieved with 
two additional phase factors. In a special case where the 
bath is in the thermal equilibrium state, the sources of 
decoherence effects on the gate include vacuum quantum 
fluctuation and bath thermal excitations at finite tern- 
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perature. Observing these will help us to understand the 
decoherence effects on quantum communication in quan¬ 
tum coupled-resonator systems. 
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FIG. 1: (a) A cubic quantum network is the 3-fold Carte¬ 
sian product of two-resonator chain with uniform coupling 
strength. A multi-photon SWAP gate between the two nodes 
along each main diagonal is achieved at the optimal time, (b) 
A coupled-resonator chain with different coupling strengths. 
Its coupling strength distribution is characterized by the x 
component of an angular momentum operator to implement 
a mirror inversion of arbitrary bosonic states with respect to 
the center of the chain. 


The Hamiltonian of a coupled-resonator quantum net¬ 
work described by a graph Q is 

N N 

Hs — ^ ^ T ^ ^ : (1) 

u—1 u,v—l 

where o„ and aj^ are the bosonic annihilation and cre¬ 
ation operators for the single mode resonators with fre¬ 
quency H at node u, Kuv{G) = kAuv{G) represents the 
coupling strength between nodes u and v. A{G) is the 
adjacency matrix of graph G, AuviG) = 1 if the two 
nodes u and v are adjacent; otherwise Auv(G) = 0. It 
means that only the nearest neighbor (NN) coupling is 
considered. Since A is a symmetric matrix, its diagonal- 
ization occurs through an orthogonal transformation U 
a.s D = UAU^ with D^i = Xk^ki- This transformation 
yields Hs = where fk = Ylu=i^kuau is 

the Bogoliubov transformation and Sk = + nXk- The 

bath Hamiltonian consisting of harmonic oscillators with 
infinite modes is Hb = where bj (&]) are the 

bosonic annihilation (creation) operators for the modes 
of frequencies ujj and j = 1,2,-•• ,oo. The interaction 
between the quantum network and the bath is character¬ 
ized by a simple decoherence model with non-demolition 
Hamiltionian Hj = R® X , where R ='^k=i'^kfkfk 


depends on the network variables and the quantum noise 
operator X = '^j^jbj + H.c. on the bath variables. 
The dynamics of composite system is driven by the total 
Hamiltonian H = Hs + Hb~\- Hi. Since [Hi, H] = 0 and 
[Hb,H] ^ 0, the energy exchange is unallowable between 
the network and its surrounding bath, and an irreversible 
process of information loss happens. 

In Heisenberg picture, the Heisenberg equation of mo¬ 
tion, 0{t) = i[H, 0(t)], governs the time evolution of an 
operator. By applying this equation, the exact solutions 


of operators fl and bj can be found [34 1 


fl{t) = 


( 2 ) 


and 


b]{t) = e^‘^^^b]{0)+z^,ij*{t)Ro, ( 3 ) 

where Z{t) = + H.c.] is the phase opera¬ 
tor with T]j{t) = F{t) = 2f dujJ(uj)(t — 

sinujtIuj)Iuj is a c-number with the bath spectral den¬ 
sity function ~ ^(0 = 

i?o as a result of its conservation, i.e., [H,R{t)] = 
0. r/c is a parameter to measure the decoherence ef¬ 
fects on the fcth mode of network. We assume that 
the effects on each mode are identical, Vk = r, and 
the decoherence occurs in Fock space. After the in¬ 
verse Bogoliubov transformation and time evolution, 
the creation operator becomes aj„(t) = 

The term fl{0) is the network 

free evolution and Y{t) = r[Z{t) — F{t)Ro] represents 
the decoherence effects. Upon introducing Bogoliubov 
transformation again, dl^(t) is transformed to dl^(t) = 
6*^* Thus the time evolution of quan¬ 

tum states is driven by the adjacency matrix of the net¬ 
work, which is analogous to the spin networks (2^ . 

A chain of two or three resonators can act as ba¬ 
sic building blocks to build coupled-resonator networks 
which are multiple Cartesian product of either of the two 
simple chains [20j. The two-resonator chain is denoted 
by Gi and the three-resonator one by C/ 2 - The three-fold 
Cartesian product of Gi is a cubic network as shown in 
Fig. Ilia). The relations of adjacency matrices A(G) and 
A(Ge) after g-fold Cartesian product obey the rules of 
Kronecker product A{G) = 

with an identity matrix / and 9 = 1,2. Consequently, 
gA(e) _ |■gA(e8)J®g^ A{Gd) determines the evolution 
of network G- After evolution and at the optimal time 
t = T 0 = 7r/2i/®K, = i^^5u,N+i-m gives 

that 


oL('re) = -PoPia]v+i_^, (4) 

demonstrating the relations between the state of node m 
at t = 0 and that of node iV-|-l — matt = rg. Here, 
the phase Pq = arises from the free evolution of 
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network and Pi = from the decoherence. Actu¬ 

ally, it is a perfect SWAP gate between the two antipodes 
in the absence of decoherence. It requires neither exter¬ 
nal manipulation nor coupling strength engineering. For 
simplicity, we take the cubic quantum network as an ex¬ 
ample, as shown in Fig. [TJa), the time evolution swaps 
arbitrary bosonic states of the two antipodes along each 
main diagonal at the optimal time. 

In ideal conditions without decoherence, the proposed 
method can potentially allow for the realization of a per¬ 
fect SWAP gate with coherent-state qubits between two 
antipodes in the quantum network. We consider an ini¬ 
tial state 1$)™ = n^Li Wu)u, where \au)u is the co¬ 
herent state with amplitude a„ at node u. The coher¬ 
ent state can be produced by a displacement operator 
D{a) = “ displacing the vacuum state 

|0), |a) = ZI(a)|0). After evolution in Heisenberg pic¬ 
ture and inversion back to Schroinger picture, the final 
quantum network state becomes 

N 

u—l 

with Pu = P^au- The coherent-state SWAP gate be¬ 
tween nodes m and A^ -|-1 — to is achieved. In addition to 
the coherent state, the coherent transport of the multi¬ 
photon entangled states can be implemented by means 
of our scheme with an alterative Hamiltonian 


Ha=Y: 


■ N 

^ccat 




u,a^u,(T 


N 

E 


P-UV 


, ( 6 ) 


where a — h,v are the photon polarization states with h 
represented by horizontal polarization and v by vertical. 
The creation operator with polarization state a is likewise 
transformed to aln,a-i'''s) = Tbajv+i-m a optimal 

time Tg. Without loss of^enerality and for simplicity, an 
initial state \^')ini = n«=i 




( 7 ) 


is taken as an example. The time evolution under the 
Hamiltonian Ha swaps the multi-photon entangled states 
of two antipodes with the finial state 


dW/2] 


\^')f^n=PE n 


u,N-\-l — u 




( 8 ) 


where Pe = is an additional phase. 

Besides the case of single mode resonators, the im¬ 
plementation of multi-mode resonators of frequencies 
flD is directly analogous. In multi-mode quantum 
networks, the Hamiltonian is Hs = with 

Hig = T . Since 

= 5^^’, it is possible to have ^{rg) = 
’^ith Po,i? = 


Extensions .—While the case of a multi-dimensional hy- 
ercube has been chosen to focus on, we extend this result 
to a one-dimensional (ID) coupled-resonators and the re¬ 
alization of such resonator chain can be explored in many 
physical systems [ssl - liO l. If Kav{Q) = k.u-iSu,v+i + 
i^uSu,v-i in the Hamiltonian of Eq. o, the Hamilto¬ 
nian describes a ID coupled-resonator system with dif¬ 
ferent coupling strengths as shown in Fig. [T](b). The 
coupling strength distribution matrix K is identical to 
the representation of a Hamiltonian H' — XJ^ through 
pre-engineering the inter-resonator coupling strengths as 
Ku = XiJu[N — u)/2, where Jx is the x component of 
a fictitious angular momentum operator J = {N — I)/2 
and A is some constant [2(ij |. 

The isomorphism of su(2) and so(3) Lie algebras 
gives the remarkable result that SU{2) and SO{3) Lie 
groups are locally isomorphic, and the commutation 
relations of an arbitrary angular momentum operator 
can be reduced to those of harmonic oscillator opera¬ 
tors in Schwinger picture, e.g., Jx can be rewritten in 
terms of two bosonic operators as Jx = (c|c 2 + cic\) 12 
4Ij . H' can be viewed as a Hamiltonian for the 
two resonators with coupling strength A/2 and perfect 
quantum state transfer between the two resonators is 


iH' t' ^ — 


= ic 2 and 


possible, which gives that e“ c|e 

= ic\ at the optimal time t = t' = tt/A. 
It yields Ito^) = and = 

where mz,m'^ = - J, -J + 1,..., J - 1,J 
and Ito^) = (a|)‘^+’”^(a2)'^“’"Vv^G7TmI)p’7r7)//y|o). 
Thus ala{t) becomes 


^LiP) = Poa'^N+i-m^ 


(9) 


where P/ = e 


'N—l 


As desired, the SWAP gate be¬ 


tween sites TO and A^ -|- 1 — to is achieved under time 
evolution. The noise effect is P[ = e''^P' ^ when the de¬ 
coherence is present. 

Decoherence in thermal equilibrium state. —When the 
unavoidable bath is in the thermal equilibrium state, its 
variables are distributed in an uncorrelated thermal equi¬ 
librium mixture of states and the density matrix satisfies 
Boltzmann distribution ps = /Z, where T rep¬ 

resents the temperature and Z = tr{e~^^^'^) is the par¬ 
tial function. A density operator p can be expressed in 
terms of coherent states in coherent-state representation 
P = Ilj I Pj {o!j: 0 :*)\aj){aj\cPaj, and 

P 3 {aj,aj) = tr[p6{a* - a])<5(aj - a^)] (10) 

builds a connection between the classical and quantum 
coherence theory 4^. For the thermal equilibrium state, 
Pj{aj,a*) = with the average exci¬ 

tation number (uj) = {ePP"^ — 1)“^ in the modes of 
frequencies Wj. The initial state of composite system 
is a direct product p(0) = ps(fi) Zi ps, and the den¬ 
sity matrix is ps(0) = |'0(O))(V'(O)| with a generic state 

1^(0)) = Uu En c„Jn„)„. 
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After evolution and tracing out the variables 
of the bath, we have the reduced density ma¬ 
trix of quantum network at the optimal time 
Ps(t') = Dn,n'{T)pn^a'{T') with two vectors n = 

n(ui,riAr) and n' = n'(u^,n^) in a chain of res¬ 
onators, it is directly analogous in the case of hypercubic 
networks. (T) is an expected value of a displace¬ 

ment operator Dj{l3jn'n) in the thermal equilibrium state 


Dn,n’{T) — / d ajPj{aj^aj){aj\Dj{l3jn'n)\oij), 


( 11 ) 

where = -i{n - (r'), = 




= and n' = 


gf^jn n j rj 

D„ n'(T) = -UnL'-UrTi' includs the vacuum quantum 
fluctuation and the bath ther¬ 
mal excitations with gj{T) = 

- 1) and = |/3jn-„p. Pn,n'(T') 

is 

N 

Pn,n'(T') = c„„(T')c;^(r')|n„)«|Ar+i_„, (12) 


where c„„(t') = As 

an illustration, the Ohmic spectral density of bath is 
taken by J{uj) = with a dimensionless cou¬ 

pling constant 7 and the bath’s response frequency F 
[Ulil. We have that = (I + r 2 r' 2 )-("-"')’^r-= 7/2 

and 9j{'^) = 47 (n — n'j^g^J(T') with 



duj 


1 

i^g(^/r(g(^/T _ 


. 9 wr' 

sin -. 

2 


(13) 


A special case is that |'0(O)) = (Z)^=o Cm |?t-i)i) ® |0)) 
which means that all of nodes are initialized to vacuum 
state except for node 1. The quality of SWAP gate be¬ 
tween nodes 1 and N can be defined by an average h- 

delity {F) = ^{(1)q\U^ p{t)U\(l)o), where the overline indi¬ 
cates average overall possible input state \(j)o) and U is 
an ideal SWAP gate. It turns out to be at the optimal 
time 


M-l 

E |c„,P|c„iPi4„,.„,(r). (14) 

m ,71^=0 

Figured] shows the fidelity as a function of coupling pa¬ 
rameter A and finite temperature T in a chain of coupled- 
resonators. It is seen that the fidelity decreases with 
temperature and increases with coupling strength. The 
strong coupling can partly counteract the decoherence 
effects to ensure the high fidelity of SWAP gate. 

In summary, we have investigated a multi-photon co¬ 
herent transport protocol in a coupled-resonator quan¬ 
tum network and proposed a perfect multi-photon SWAP 



A/r T/r 


FIG. 2: The decoherence effects on the proposed multi-photon 
swap gate in a chain of resonators. 7 = 1, F = 1. (a) The vac¬ 
uum quantum fluctuation effects on the swap gate fidelity, (b) 
The swap gate fidelity as a function of temperature at several 
coupling parameters. (F) is average fidelity, A is a coupling 
parameter in the coupled-resonator chain, r is a coupling pa¬ 
rameter between the network and the bath, 7 is a dimension¬ 
less coupling constant and T is the bath’s response frequency 
in Ohmic spectral density, T is temperature, and M is the 
dimension of initial state at node 1 in this special case. 


gate between two antipodes. The quantum network is 
the multi-fold Cartesian product of a chain of either two 
or three resonators and the method requires neither ex¬ 
ternal modulation nor inter-resonator coupling strength 
engineering. As an extension, we have shown that a 
multi-photon SWAP gate can be achieved perfectly over 
a chain of arbitrary length as long as one can pre-engineer 
inter-resonator coupling strengths. The optimal time is 
independent of the distance between the two remote par¬ 
ties, and the speedup of state transfer is possible. The 
decoherence effects on the SWAP operation have been 
demonstrated explicitly. The sources include the vac¬ 
uum quantum fluctuation and the bath thermal excita¬ 
tions when the bath is in the thermal equilibrium state. 
Such observations can help us to deepen our understand¬ 
ing of the decoherence effects on quantum communica¬ 
tion in quantum coupled-resonator systems and evaluate 
the proposed protocol when it works in thermal envi¬ 
ronment. Additionally, our method can provide the im¬ 
plementation of coherent-state SWAP gate and arbitrary 
dimensional quantum state transfer based on photons. 
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